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BY
AraN L. MAODONALD

This paper is a continuation of [8] and [9].

1. Compactness

We begin with a general situation. The results obtained will yield informa-
tion about compact sets in v.f.8.%s.

Let X and a family {Y, : @ ¢ A} be Hausdorff topological spaces and let
e : X — Y, be continuous maps. We suppose that go(21)) = o.(x) for
each o implies ; = . Define Y = [[oY.and ¢ : X — Y by o(z) =
{ea(x)}. Then ¢ is continuous and one to one. A set S & X is said to be
projectively compact if .(S) is compact for each . A sequence (z,) € X is
projectively convergent if o.(z,) is convergent for each a. Other terms are
defined similarly.

The proofs of the following propositions present no difficulties; the proof of
Praposition 1.1 uses Tychonoff’s theorem and that of Proposition 1.3(2) uses
the finite intersection property characterization of compactness (see [6]).

ProposiTioN 1.1 A4 set S & X s compact if and only if
(1) 8 is projectively compact, and
(2) every projectively convergent net in S is convergent to a point in S.

ProrosiTiON 1.2. Suppose A is countable. Then a set S & X s sequentially
compact (respectively relatively sequentially compact) if and only if

(1) 8 s projectively sequentially compact (respectively relatively sequentially
compact), and

(2) every projectively convergent sequence in S is convergent to a point in S
(respectively convergent) .

Prorosition 1.3.  Suppose 4 is countable. Then:

(1) Ifin Y., the compact (respectively relatively compact) sets are sequentially
compact (respectively relatively sequentially compact), then the same s true in X.

(2) If in Y, the sequentially compact sets are compact, then the same s true
mn X.

(3) If inY, the countably compact sets are compact, then the same s true in X.

(4) If in Y, the countably compact (respectively relatively countably com-
pact) sets are sequentially compact (respectively relatively sequentially compact),
then the same s true in X.

We now make some applications of the above three propositions.

TuroreEMm 1.4. If E is metrizable and S(E) s a v.f.s. with a topology finer
than the weak topology induced from Q(E) , then the compact, sequentially compact,
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and countably compact sets in S(E) are the same. Furthermore, a set A & S(E)
18 compact iff it is weakly compact in Q(E) and every sequence in A which con-
verges weakly in Q(E) converges in S(E).

Proof. This is a simple application of Propositions 1.1-1.3 to the single
continuous injection map 7 : S(E) — Q(E), using the fact that in the weak
topology of a Fréchet space the compact, countably compact, and sequentially
compact sets are the same [7, p. 318]. |

We omit the similar proof of the following result.

TueoreMm 1.5. If E is metrizable and S(E) is a v.f.s. with a topology finer
than that induced from Q(E), then a set A & S(E) is compact iff it is compact
n Q(E) and every sequence in A which converges in Q(E) also converges in S(E).

Let S(E) be a v.f.s. such that for every compact set K & Z, the map
f— [xfdrof S(E) into E is continuous. (Here £ does not have to have
its original topology.) If Z is second countable, so that a countable number
of integrals suffice to determine f [8, Corollary 6.3] we could apply Proposi-
tions 1.1-1.3 to obtain information about the compact sets in S(E). We
omit the details.

In order to apply Theorems 1.4 and 1.5, it is necessary to identify the com-
pact and weakly compact sets in Q(E). We do this, for special cases, in the
results to follow.

ProposiTiON 1.6. Let Z be a locally compact Abelian group with Haar
measure w. Suppose E is a Fréchet space. Then a set C & Q(E) s relatively
compact if and only if

(1)  for every compact set K C Z and a ¢ L, the set

{Lafdvr:feC}

1s relatively compact in E, and
(2) given a compact set K & Z, a p € P, and an € > 0, there s a symmetric
netghborhood W of 0 (in Z) such that if 20 ¢ W and f ¢ C, then

fxp(f(z) — f(z — 2p))dmr < &.

Proof. Since E is a Fréchet space, all elements of Q(E) are functions from
Z into E [8, Section 3.

(=) (1) follows from [8, Theorem 6.1(1)]. We prove (2) in stages.
(a) Suppose C = {f}, a single function and

f= 2tac(R)z;e T(E).

Using [4, p. 269], choose a symmetric compact neighborhood W ; such that for
2o € w i

[1eR) @) = o(R) (= = 20 | dr < eCnp(a)™
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Then forzoe WinWen .- nW, ,
[ 26(e) = fts = ) am

< 300 [ 1o — dB)e — ) | dr < e

(b) Now suppose C = {f} where f is any function in Q(E). Let W, be
any symmetric compact neighborhood of 0. Then K +4 W,, the image of
K X W, under the map (2, w) — 2z + w, is compact. Since I'(E) is dense in
Q(E) (it separates points of Q(E)’ = ®(E')) there is an f’ ¢ I'(E) such that

[ oG -sir<e
K+W,

By (a), we can find a symmetric compact neighborhood W of 0 such that if
20 € Wy, then

[0/ =7~ wir < e
Then for zo e Win W, ,
fxp(f(z) - f(z — 20)) < fxp(f(z) - f'(2)) + Lp(f’(z) — f'(z — ) dr
+ fx p(f'(z — 20) — f(z — 2)) dm

<2+ [ p(@) — fe) dr
< 3e.

(¢) Suppose C = {f}, a finite set. The existence of a W in this case
follows easily from (b).

(d) Finally, suppose C is relatively compact. Then C is precompact.

Let W, be any symmetric compact neighborhood of 0. Since K + W, is
compact, the set

V= {fe2B) : [rw p(dr < o
is a neighborhood in Q(E). Let {f} be a finite set in Q(E) such that C C

U(f; + V). Let W, be the neighborhood for {f;} guaranteed by (c¢). Let
f ¢ C be arbitrary and choose 7/ so that f — f;» ¢ V. Then for 2o e Wi n Wy,

[ 26 = 1 = wnar < [ p(i(e) = fy ()i
+ [ @) = 3Gz — w))an
+ [ pUre = 20 = 1z = w)dn

< 3e.
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(&) LetK,p,and ¢ > Obe given. We shall show that C can be covered
by a finite number of translates of the set

(f € QE) :fxpofdwg 2%).

Thus C will be precompact and so relatively compact. Pick a symmetric
compact neighborhood W by (2). Let r(z) be a continuous non-negative,
real-valued function such that Supp r € W and [r dr = 1. Set M = Sup
r(z). Forf eC set

&) = [fz = wyr(w)dn(w).

(This is sort of a convolution.) Then f*(z) ¢ E. Also, for 2, fixed and p, ¢ P,
Pl — Fa+2) = m [0 = w) = fao+ 2 = 0))r(w)in(w) |
< [pd(ftan ~ w) — fz0 + 2 = w))r(w) dn(w)
<M [ polfla0 = w) — Sz + 2 — w))dn(w)
=M [ polf(—w) ~ fz = w))dn(w)
W+zo
= [ i) S = 2)dn(w)

which by (2) can be made arbitrarily small, uniformly for f ¢ C, for z in a
sufficiently small neighborhood of 0. Thus f* is continuous and in fact the
set C* = {f* : f € C} is equicontinuous.

If we let @(E) be the set of all continuous functions from Z into F equipped
with the topology of uniform convergence on compact sets, we have shown
that C* C @(E) and is equicontinuous. For z, fixed,

£(0) = [1a — wyrwdn = [ f(z0 — w)r(w)ar

= F( = w)r(w — z)dr = f

204+W —20—

Thus by (1), {f*(20):f* ¢ C*} is relatively compact in E. By Ascoli’s

Theorem [6, p. 233], C* is relatively compact in @€(E) and so is relatively

compact in the weaker topology of @(E). Thus C* can be covered by a finite
number of translates of

i flw)r(zo — w)dm.

() (e(® : [ posir < g
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But
Lot = *ar = [ o) =] [ 16 = wirtw)int) | dntuwrane
= [ 2 ([ @rw - i - wprt)aetw) ) arce)
< [ [ v () - itz = w)dn(w)an(e)
= [ r@) [ pGG) - 1z = w)dn(2)dn(w)
= fw r(w) Lp(f(z) — flz — w))dr(2)dn(w)

<e
by the choice of W and r. The last inequality together with (%) show that C
can be covered as claimed. (A proof of the p-measurability of f(z — w) which
allows the use of Fubini’s Theorem above is similar to the proof of the anal-
ogous result for real valued functions found in {3, p. 634].) |

Remark. The only reason for restricting £ to be a Fréchet space in the
proposition is that expressions such as f(z — 29) and f(z — w) used in the
proof are then defined since the elements of Q(E) are functions. If the
definition of these expressions is extended to all of Q(E) and certain relation-
ships between these extensions are shown (c.f. [8, Proposition 5.1]), then the
proposition can be proved for a general E.

ProrositioN 1.7. If E s a separable reflexive Banach space then the fol-
lowing statements about a set C S Q(E) are equivalent:

(1) C s weakly relatively compact.

(2) For every g e ®(E'), the set {C, g) ts weakly relatively compact in Q.

(8) For every g e ®(E"), compact set K, and € > 0, (C, g) is bounded in Q
and there is a 8 > 0 such that if R © K s measurable and m(R) < 8, and f ¢ C,
then [+ |(f,q) [dr < e.

Proof. (2) < (3) is just the characterization of the weakly relatively
compact sets in. @ given in [2, p. 98].

(1) = (2). Themap T : Q(E) — @ given by Tf = (f, g) has an adjoint
T : & —» &(E') given by T*b = by and so is weakly continuous. The result
follows.

(8) = (1) is more difficult. Since {C, g) is bounded for every g ¢ ®(E’) we
have that [ (C, g)dr is bounded for every g ¢ &(E’) and so C is bounded in
Q(E). Let G be the strong dual of (E’) and let € be the closure of € in G
under the weak topology induced from &(E’). Now C is compact in this weak
topology since it is contained in the bipolar of C which is the polar
of a B(B(E'), QE)) neighborhood. Let ¢ ¢ . We now apply [8, Theorem
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7.1] (with E and E’ switched; see [9, Proposition 1.1]) to show that ¢ ¢ Q(E),
thus completing the proof. If = does not have compact support then by [9,
Proposition 2.5], ®( E’) is, under the strong topology, the strict inductive limit
of spaces ®x,(E’). Thus for any compact set K, the set

D = {ged(E) : |lg] < c(K)},

which is contained in and bounded in some &x,(E’) is strongly bounded in
®(E’) [10, p. 129). If = has compact support, [9, Proposition 2.5] again shows
that D is bounded. Thus ¢, which is strongly continuous, is bounded on D.
This gives condition (2) of [8, Theorem 7.1]. For condition (1) let (f,) S C
be a net such that f. — ¢ weakly. Fixg ¢ ®(E’) with Supp ¢ C K, a compact
set. Suppose B; 1 Randset S; = R — R;. Then

¢(glR) - ¢(glR,) = ¢(g|sj) = ¢(g‘xn»9j) = lima fKﬂSj(fa ’ g>d7r -0
asj — « by (3). |

2. The spaces A(E) and =°(E’)
If A is a solid scalar v.f.s. (e.g. A = L®) we set

AE) ={feQ(E) :pofeA forall peP}
and

ANE) = {geQ(E') : g = bgowith b e A and p°(go(2)) < 1
a.e. for some p ¢ P}

Since p° o g is not necessarily well defined for g e &(E’) [8, example following
Theorem 3.2], the definition of A°(E’) is not complete. We shall make the
agreement, here and in similar cases later, that the representation for g need
only hold for one function in the class. If E is separable, then p° o ¢ is well
defined [8, Theorem 3.1] and so in this case we have

AYE") = {g eQ(E") : p°og e A for some p ¢ P}.

Using the remarks following [9, Proposition 1.1] it is easy to show that if
E is a Banach space and E' is separable, then A°(E’) = A(E’) and if E is a
reflexive Banach space then A°(E’) can be identified with A(E’).

Besides the L” spaces, examples of scalar v.f.s.’s include the Orlicz spaces
[12] and general Banach function spaces [13]. Spaces of the form A(E) have
been studied by Gregory [5] when Z is the set of natural numbers and = is the
counting measure. Céc [1] has studied the spaces A(E) when E is a Banach
space.

If (A, 2) is a dual pair of solid v.f.s.’s and f e A(E) and g e Z°(E’), set
g = bgo where b e = and p°(go(2)) < 1. Then

|f(f,g)d1r| Sfp°f|b|d‘n'< .

Thus (A(E), Z°(E’)) is a dual pair of v.f.s.’s. We shall find that the dual
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pair (A(E), Z°(E’)) inherits many of the properties of the dual pair (A, Z),
especially when E is normed.

If A has a solid topology, we topologize A(E) with the set of seminorms
{q(pof)} where p e P and ¢ is the gauge of a solid absolutely convex neighbor-
hood in A. It is easy to show that the seminorms ¢(p o f) are seminorms and
generate a solid topology on A(E).

PropoposiTION 2.1. (1) A%E) = AE)™

(2) If E is a separable normed space, A(E)* = A*(E').

Proof. (1) IffeQ(E), peP,and b e A, we have by [8, Lemma 5.3],
[pesiblan

(*)

= Sup {fl {f,9) | dr: g e A’ (E") with g = bgo where p° o go < 1}

and both sides of the equality are finite if every entry in the supremum is
finite. Thus

fe AEN* & fl(f, Pldr < « for every g e A°(E')*

@prflbldr < o foreverypePand be A
= fe A*(E).
(2) This is proved as is (1) except that [8, Lemma 5.2] is used. |

Remark. Equality (2) is not true for general A and E. For let A = &.
Then ®(E)* = G(E’). But in general Q°(E’) = Q(E’) unless E is normed or
Z is compact. See also Proposition 2.5.

ProrosiTiON 2.2. Let (A, Z) be a dual pair of solid v.f.s’s and let B © Z be
a solid set whose polar has gauge q. Then for any f ¢ A(E),

a(p o) = Sup {| [(, gl : g € 2°(2)
where g = bgo with b € B and p’(go(2)) < 1}.

This implies that if a solid topology on A is a polar topology induced from Z,
then the topology on A(E) is a polar topology induced from Z°(E").

Proof. The result is obtained by taking a supremum on both sides of the
equality (%) in the proof above, as b runs through all elements of B.

The identification of L?(E)’ (1 < p < «) when E is a separable Banach
space is well known [4]. The case of a general E has been studied in [11].

TuEOREM 2.3 Let (A, Z) be a dual pair of solid scalar v.f.s.’s with A* = Z.
Let A be given a solid polar topology from Z. Then

N =2 o ABE =ZEFE).
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Proof. (=) By [9, Thorem 3.5],if B; T Randa ¢ A thenalz, —alz. An
easy calculation shows that if f ¢ A(E) then flg, — flz. Now let ¢ ¢ A(E).
Then there is a p ¢ P and a continuous seminorm ¢ on A which is the gauge
of a solid set such that

(%) g(pef) <1 = [p(NHl <L

If K C Z is compact, the set {a ¢ A : |a] < ¢(K)} is ¢(A, Z) bounded and
so bounded in A. Thus there is an M such that for any fe A(E)
with pof < ¢(K) we have g(pof) < M. By (), [¢(f)| £ M for any such f.
By [8, Theorem 7.1], there is a g ¢ &(E’) such that ¢(f) = [ {f, g)dr. Fur-
thermore,-an inspection of the proof of that theorem shows that g = bg, where
beQ b > 0, and p° o go < 1 and that for any relatively compact measurable
set R,

j;bdw = Sup {¢( D_: c(R:)x:)}

where the supremum is taken over all countable partitions {R;} of R and z;
satisfies p(z;) < 1 and ¢(c(Ra)x;) = 0. Now let @ ¢ A with a > 0 be fixed.
Let @’ = ) a;c(R:) be a simple function satisfying 0 < o’ < a. Then

fa'b dr = D j;. bdr = D i a Sup {¢ (Z:‘C(Rii)xia’)}

= Sup {¢ (Xsac(Rij)zi)} < glpof)

by (), using the fact that g is the gauge of a solid set. By [8, Lemma 5.2 (1)},
fabdr < o andsobe= = A*and thus g e Z°(E’).

We have shown that A(E)’ € =°(E’). The reverse inclusion is easy to
show.

(&) If A’ # Z then by [9, Theorem 3.5] there is an a ¢ A and a sequence
R: 7 R such that a|z; — a|g is false. Thenif z # 0in E, a(2) |z, — a(2) 2|
is false in A(E). Since by Proposition 2.2, the topology on A(E) is a polar
topology induced from =°(E’), [9, Proposition 3.3] implies that
A(E) # ZUE"). |

Remark. Using the techniques of [1, Proposition 10] we may prove that
A(E)' = 2°(E') when A has the normal topology even if A* = Z.

THEOREM 2.4. Let (A, Z) be a dual pair of solid v.f.s.’s with A = Z*. Let A
be given the topology of uniform convergence on a set of solid sets of = whose union
is 2. Then A(E) is complete.

Proof. By Proposition 2.2, the topology on A(E) is a solid polar topology
induced from =°(E’). By Proposition 2.1, A(E) = Z°(E’)*. Since the
topology on A is finer than that induced from @, the topology on A(E) is finer
than that induced from Q(E). Thus [9, Theorem 2.2] A(E) is complete. ||

We are now able to extend the equality of Proposition 2.1 (2) to a larger
class of spaces.



144 ALAN L. MACDONALD

ProrositioN 2.5. Let E be a metrizable space. Let (A, =) be a dual pair
of scalar v.f.s.’s with A* = Z and Z* = A and suppose that A is metrizable under
the topology (A, =). Then A(E)* = =°(E").

Proof. Let A be given the topology 7(A, Z). This is a solid topology
[9, Corollary 3.6] and by Theorem 2.4, A(E) is complete. Since A and E are
metrizable, A(E) is metrizable and so barrelled. By [9, Proposition 3.1],
A(E)* € A(E)’. But by Theorem 2.3, A(E)’ = Z%(E’) € A(E)* and so
AB)* = 2(E). 1

Lemma 2.6. Let (A, 2) be a dual pair of solid scalar v.f.s.’s with A* = =.
Then, (1) a set A & A(E) 1is
o(A(E), Z%(E"))

bounded iff for every p € P, p(A) vs o( A, Z) bounded, and (2) if E is a separable
normed space, a set B < 2°(E’) s

B(Z'(E"), AE))
bounded iff ||B|| is 8(Z, A) bounded.

Proof. (1) Let A be given the normal topology. By [9, Lemma 1.3].
A’ = Z and so by Theorem 2.3, A(E)’ = Z°(E’). Now A is bounded in
A(E) iff p(A) is bounded in A for every p e P. But p(4) is bounded iff
p(4) is (A, Z) bounded and A is bounded iff it is ¢( A(E), =°(E’)) bounded.

(2) Let C be any solid ¢(A, 2) bounded set. By [8, Lemma 5.2], for any
aeAandge2(E) we have

[lal g1l dn = Sup (| [¢,0) dn |+ feA(B) and || £]] < a}.
Thus

Sup{flalllgll dr :aeC and ge B}

= s (| [¢,gir | : aeACE)|IF1|¢C,and g B).

Using [9, Proposition 1.4], the left hand side of this equality is finite for every
C iff |B]| is 8(Z, A) bounded, while the right side, using part (1), is finite for
every C iff B is 8(Z°(E’), A(E)) bounded. ||

COROLLARY 2.7. Let (A, 2) be a dual pair of solid v.f.s.’s with A* = = and
=* = A. Let E be a separable normed space. Then (1) a set B C =% (E") is

o(2'(E"), A(B))

bounded iff || B)| is ¢(Z, A) bounded, and (2) a set A & A(E) 1s
B(A(E), 2'(E")

bounded iff ||A|| 7s B(A, Z) bounded.
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Proof. (1) Let A be given the normal topology. By [9, Lemma 1.3],
A’ = Z and so by Theorem 2.3, A(E)’ = 2°(E’). By Theorem 2.4, A and
A(E) are complete. Thus [10, p. 72] the strongly and weakly bounded sets
in =°(E’) and = are the same and the results follows from Lemma 2.6 (2).

(2) The proof is similar to that of Lemma 2.6(2) and is omitted. ||

ProrosiTioN 2.8. Let E be a separable normed space. Let (A, Z) be a dual
pair of solid scalar v.f.8.’s with A* = Z and =¥ = A. Let A be given a solid
polar topology of the dual pair. Then A has the topology B( A, Z) iff A(E) has
the topology B(A(E), Z°(E")).

Proof. By [9, Proposition 2.4] the polars of the solid weakly bounded sets
in = and Z°(E’) form a base for the topologies

B(A,Z) and B(A(E), Z°(E)).
The result follows from Proposition 2.2 and Corollary 2.7(1). |

COROLLARY 2.9. Let E be a separable normed space. Let A be a solid scalar
v.f.s. with A = A*™* and let A be given a solid topology of the dual pair (A, A*®).
Then A 1is barrelled iff A(E) s barrelled.

Proof. By Theorem 2.3, A(E) has a topology of the dual pair
(A(B), A*(E")).

Since a space is barrelled iff it has the strong topology from its dual, the result
follows from the proposition. J

ProrosiTioN 2.10. Let E be a reflexive separable Banach space. Let
(A, 2) be a dual pair of solid scalar v.f.8.’s with A* = Z and =¥ = A, Let A
be given a topology of the dual pair. Then A is semireflexive iff A(E) is sems-
reflexive.

Proof. By Theorem 2.3, A(E) has a topology of the dual pair
(A(E), 2"(E")).

Let = be given the topology 8(Z, A). Then (with E and E’ switched—see
[9, Proposition 1.1]) Proposition 2.8 shows that Z°(E’) has the topology
B(Z"(E'), A(E)) and so by Theorem 2.3, Z°(E’)’ = A(E) iff Z' = A, ie,
A(E) is semi-reflexive iff A is semireflexive. |

ProrosiTioN 2.11.  Let E be a separable reflexive Banach space. Let A be
a solid scalar v.f.s. with A = A*™* and let A be given a topology of the dual pair
(A, A*). Then A is reflexive iff A(E) is reflexive.

Proof. Since a locally convex space is reflexive iff it is barrelled and semi-
reflexive {7, p. 302], the proposition follows from Corollary 2.9 and Proposition
2.10. |
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3. The Spaces L?(E)

We give a list of some properties of the spaces L*(E). Let ¢ be the con-
jugate index to p.

(a) LP(E) is complete (Theorem 2.4).

(b) The topology on L?(E) is a polar topology induced
from (L% °(E") (Proposition 2.2).

(¢) (LYHE"N* = L*(E) (Proposition 2.1).

(d) If Eismetrizableand1 < p < », L?(E)* = (L%°(E’) (Proposition
2.5).

(e) If E is separable and normed, L*(E)* = (L')°(E’) (Proposition
2.1).

(f) 1 <p< o, L(E) = (LY°(E’) (Theorem 2.3).

(g) If L™ s L', then L°(E)’ = (L")°(E’) (Theorem 2.3).

(h) If E is a reflexive separable Banach space, L”(E) is weakly sequen-
tially complete (with respect to the dual pair (L?(E), (L%)°(E")) [9, Theorem
2.7].

(i) If Eisnormedand1 < p < o, then (L% °(E’) is quasicomplete when
given the topology of uniform convergence on the compact sets of L*(E) [9,
Proposition 3.7].
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